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Abstract 

Given a finite coloring (or finite partition) of the free semigroup A+ over a set A, we eonsider vari¬ 
ous types of monoehromatie faetorizations of right sided infinite words x G A'^. Some stronger ver¬ 
sions of the usual notion of monoehromatie factorization are introdueed. A faetorization is ealled 
sequentially monoehromatie when eoneatenations of eonseeutive bloeks are monoehromatie. A 
sequentially monoehromatie faetorization is ealled ultra monoehromatie if any eoneatenation of 
arbitrary permuted bloeks of the faetorization has the same eolor of the single bloeks. We establish 
links, and in some eases equivalenees, between the existenee of these faetorizations and funda¬ 
mental results in Ramsey theory ineluding the infinite Ramsey theorem, Hindman’s finite sums 
theorem, partition regularity of IP sets and the Milliken-Taylor theorem. We prove that for each 
finite set A and eaeh finite coloring f) : A+ —>■ G, for almost all words x G A^, there exists y in 
the subshift generated by x admitting a (^-ultra monoehromatie faetorization, where “almost all” 
refers to the Bernoulli measure on A”^. 
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1. Introduction and preliminaries 

Let A be a non-empty set, or alphabet, and A+ denote the, free semigroup over A, i.e., the set 
of all finite words x = xqXi • • • x„ with Xj G A, 0 < i < n. Adding to A"^ an identity element e, 
usually ealled empty word, one obtains the free monoid A*. Let A*^ denote the set of all right sided 
infinite words x = XqXi • • ■ with x, G A, i > 0. For x G A^^ we let Fact(x) = {xjXj+i ■ • • Xj+j | 
h j > 0} denote the set of (non-empty) faetors of x. A word x G A‘^ is said to be (purely) periodic 
if X = u‘^, u G A+, and ultimately periodic if some suffix of x is periodie. A word x is ealled 
aperiodic if it is not ultimately periodie. 

Let p : A+ —)■ G be any mapping of A+ into a finite non-empty set G. We eall the elements 
of G colors and p di finite coloring of A+. We eonsider three general notions of monoehromatie 
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factorization of x relative to the eoloring ip. 


Definition 1. Let p : A"*" C be a finite coloring of hfi' and x G A factorization x 


V 0 V 1 V 2 ■ ■ ■ with each Vi G A+ is called 

• p-monochromatic if Be & C such that piVi) = c for all z > 0. 

• p-sequentially monochromatic if Be & C such that piViViJ^i ■ ■ ■ = c for all i, j > 0. 

• p-ultra monochromatic if Be & C such that for all k > 1, and all 0 < ni < n 2 < ■ ■ ■ < nk, 

and all permutations a o/{l, 2, • • • ,k} we have • • • Vn„(k)) ~ 

Clearly any <y9-ultra monoehromatie faetorization is (^-sequentially monoehromatie and any p- 
sequentially monoehromatie faetorization is (y9-monoohromatio. We begin with some examples. 

Let p : A+ —)■ C be any finite eoloring, and let x = m G A+, be a periodie infinite word. 
Then the faetorization x = u ■ u ■ u ■ ■ ■ is (y9-monoohromatio. In general this faetorization need not 
be (y9-sequentially monoehromatie. 

Let T = totit 2 ■ ■ ■ G {0,1}^^ denote the Thue-Morse infinite word, where is defined as the 
sum modulo 2 of the digits in the binary expansion of n. 


T = 011010011001011010010■■■ 


The origins of T go baek to the beginning of the last eentury with the works of A. Thue HEi 


in whieh he proves amongst other things that T is overlap-free i.e., eontains no word of the form 
uuu' where u' is a non-empty prefix of u. 

Consider p : {0,1}+ —)■ {0,1} defined by p{u) = 0 if m is a prefix of T and p{u) = 1 
otherwise. It is easy to see that T may be faetored uniquely as T = VqViV2 ■ ■ ■ where eaeh Vi G 
{0, 01, Oil}. Sinee eaeh V} is a prefix of T, it follows that this faetorization is (^-monoehromatie. 
Sinee V 1 V 2 = 010 is not a prefix of T, this faetorization of T is not (^-sequentially monoehromatie. 
Next eonsider the eoloring p' : {0,1}+ —)■ {0,1,2} defined by p'{u) = 0 if m is a prefix of 
T ending with 0, p'{u) = 1 if m is a prefix of T ending with 1, and p'{u) = 2 otherwise. We 
elaim that T does not admit a (/j'-monoehromatie faetorization. In faet, suppose to the eontrary 
that T = VqViV2 ■ ■ ■ is a (y^'-monoehromatie faetorization. Sinee Vq is a prefix of T, it follows 
that there exists a G {0,1} sueh that eaeh I 4 is a prefix of T terminating with a. Piek z > 1 sueh 
that \Vi\ < \Vi+i\. Then aViVi G Faet(T). Writing V} = zza, (with u empty or in {0,1}’*'), we see 
aViVi = auaua is an over’ , eontradieting that T is overlap-free. 



The following questioiu was independently posed by T. Brown in yfl and by the seeond author 


in 111911: 


*The original formulation of the question was stated in terms of finite colorings of Fact(a:) instead of A+. 
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Question 1. Let x E A‘^ be non-periodic. Does there exist a finite coloring p : A+ —)■ C relative 
to which X does not admit a ip-monochromatic factorization? 


Various partial results in support of an affirmative answer to this question were obtained in 
flBQ. In partieular, it is shown that Question [T] admits an affirmative answer for all non- 
uniformly reeurrent words and various elasses of uniformly reeurrent words ineluding Sturmian 
words. What is immediate to see is that if x G is not periodie, then there exists a finite eoloring 
Lf : A+ -E- {0,1} relative to whieh no faetorization of x is <y 9 -sequentially monoehromatie. In 
faet, it suffiees to define p{u) = 0 if m is a prefix of x and p{u) = 1 otherwise. We elaim that x 
does not admit a 93 -sequentially monoehromatie faetorization. In faet, suppose to the eontrary that 
X = V 0 V 1 V 2 • • • is a 93 -sequentially monoehromatie faetorization. Then sinee Vq is a prefix of x, 
it follows that p{Vq) = 0 and henee p{ViVi+i ■ ■ ■ Vi+j) = 0 for eaeh i,j > 0. In partieular taking 
i = 1 we deduee that V 1 V 2 • • • is a prefix of x for eaeh j > 1. It follows that x = Vi■ , 
and henee x = VqX, whenee x is periodie, a eontradietion. 

In the next seetions, we establish links, and in some eases equivalenees, between the existenee 
of the faetorizations given in Definition [T] and fundamental results in Ramsey theory ineluding 
the infinite Ramsey theorem, Hindman’s finite sums theorem, partition regularity of IP sets, and 
the Milliken-Taylor theorem. One of the main results is that for eaeh finite set A and eaeh finite 
eoloring p : A"*" —>■ C, for almost all words x E there exists y in the subshift generated 
by X admitting a <y9-ultra monoehromatie faetorization, where “almost all” refers to the Bernoulli 
measure on A^. 

We eonelude this seetion by introdueing some notations and definitions whieh are relevant to 
subsequent seetions. Given a set S and a positive integer k, let Sfc(S') denote the set of fc-element 
subsets of S and Fin(S') the set of all finite subsets of S. We let N = {0,1,2,...} denote the set 
of natural numbers and N"*" = N \ {0} the set of positive integers. For F,G E Fin(N), we write 
F < G if max(F) < min(G). 

Let X = X 1 X 2 ■ ■ - Xn, Xi G A, 1 < i < n, he a word. The quantity n is ealled the length of x 
and is denoted |x|. The length of £ is 0. For eaeh word x and a E A, we let |x|a denote the number 
of oeeurrenees of a in x. The reversal of x is the word x~ = • • • Xi. A faetor y of a finite or 

infinite word x is ealled right special (resp., left special) if there exist two different elements a and 
6 of A sueh that ya and yb (resp., ay and by) are faetors of x. 

Let X G A^. The factor complexity of x is the map : Faet(x) ^ M defined as follows: 
for any n > 0, Xxin) eounts the number of distinet faetors of x of length n. An occurrence of 
u E Faet(x) in x is any integer n > 0 sueh that x„x„+i • • • Xn+\u\-i = u. A faetor m of x G A‘^ 
is ealled recurrent if u oeeurs infinitely many times in x and uniformly recurrent if there exists 
an integer k sueh that in any faetor of x of length k there is at least one oeeurrenee of u. An 
infinite word x is ealled recurrent (resp., uniformly recurrent) if eaeh of its faetors is reeurrent 
(resp., uniformly reeurrent). As is well known for any infinite word x there exists a uniformly 
reeurrent word y sueh that Faet(j/) C Faot(x). 
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We endow A‘^ with the topology generated by the metrie 

d{x, y) = -^ where n = mm{k \ Xk 7 ^ yk} 

whenever x = {xn)neN and y = {yn)nm are two elements of . The resulting topology is genera¬ 
ted by the eolleetion of cylinders [oq, ..., a„], where for eaeh n > 0 and a* G A, 0 < i < n, 

[oo ,..., ttn] = {x & A‘^ \ Xi = tti for 0 < i < n}. 

It can also be described as being the product topology on A^^ with the discrete topology on A. In 
particular this topology is compact. The Bernoulli measure on A'^, where A is finite, is defined 
as the unique measure /r on the cr-algebra of such that /i([ao,..., a„]) = with d = 

card(A). 

Let T : A‘^ —)■ A^^ denote the shift transformation defined by T : (a;n+i)nGN- The 

shift orbit of x is the set orb(a;) = {T^{x) | /c > 0}, i.e., the set of all suffixes of x. By a subshift 
on A we mean a pair (X, T) where X is a closed and T-invariant subset of A'^. A subshift (X, T) 
is said to be minimal whenever X and the empty set are the only T-invariant closed subsets of X. 
With each a; G A*^ is associated the subshift (X, T) where X is the shift orbit closure of x. This 
subshift, denoted by f2(a:), is usually called the subshift generated by x. As is well known (see, for 
instance, 111 Theorem 10.8.9]) one has that 

f2(a;) = {?/ G A"^ I Fact(j/) C Fact(a;)}. 

If X is uniformly recurrent, then kl{x) is minimal, so that any two words y and in f2(a;) have 
exactly the same set of factors. 

A word X G {0, is called Sturmian (cf., o Chap. 2]) if it is aperiodic and balanced, i.e., 
for all factors u and v oix such that |m| = |n| one has 

\\u\a - |^^|a| < 1, a e {0, 1}. 

It follows that each Sturmian word contains exactly one of the two factors 00 and 11. Alternatively, 
a binary infinite word x is Sturmian if x has a unique left (or equivalently right) special factor of 
length n for each integer n > 0. This is equivalent to saying that for each n > 0 the number 
of distinct factors of x of length n is exactly equal to n -f 1. As a consequence one derives that 
a Sturmian word x is closed under reversal, i.e., if m is a factor of x, then so is its reversal 
(see, for instance, H, Proposition 2.1.19]). The most famous Sturmian word is the Fibonacci 
word / = 0100101001001010010 ■ ■ ■ which is the fixed point of the morphism F defined by 
T : 0 ^ 01,1 ^ 0. 

For a G {0,1}, we consider the injective endomorphism La of {0,1}* defined by : a i-)- 
a,b ab. We recall Q Proposition 2.3.1] that the image La{y) of any Sturmian word y is a 
Sturmian word. Moreover, for any word y G {0, l}*^ if La{y) is a Sturmian word, then y is also 
Sturmian O Proposition 2.3.2]. 

An infinite word a: G A‘^ is r-power free, r > 1, if for each u G Fact(x) one has 0 Fact (a:). 
For instance, the word T is 3-power free and / is 4-power free (see, for instance, fl). 
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2. Main results 


Given any finite eoloring 99 of A+ and any infinite word x G A^, while it may happen as we 
have previously seen, that x does not admit a (^-monoehromatie faetorization, M. P. Sehiitzenberger 
proved that for eaeh finite eoloring of A+ and eaeh infinite word x G A'^ there exists always 
a suffix of X admitting a (^-monoehromatie faetorization (see [Il5n f. The next theorem however 
provides a remarkable strengthening of Sehiitzenberger’s result. 


Theorem 1. The following statements are equivalent: 

1. For any finite coloring ip : A+ —)■ C and any word x G A‘^, there exists a suffix x' of x which 
admits a (p-sequentially monochromatic factorization. 

2. For each finite coloring ip : S 2 (N) —)■ G, there exist c E C and an infinite set M F 'H such 
thatT, 2 {M) C ip~^[c). 

Proof We note that item (2) is a speeial ease of the Infinite Ramsey’s Theorem (see |@]). We begin 
by showing that (2) (1). Let ip : A+ —)■ G be any finite eoloring, and x = X 0 X 1 X 2 ■ • • G hF . 

Then ip induees a finite eoloring ip' : S 2 (N) —)■ G given by ip'{{m < n}) = ip{xmXm+i ■ ■ -Xn-i)- 
By (2) there exists c G G and an infinite subset M = {uq < ni < ^2 < • • • } of M sueh that 
for all m,n E M with m < nwe have ip'{{m < n}) = c. It follows that the faetorization of the 
suffix x' = XnoXno+iXno +2 ''' giveu by x' = V 0 V 1 V 2 ■ ■ ■ where \ Vi\ = — rii is 99 -sequentially 

monoehromatie. 

To see that (1) (2), let ip : S 2 (N) —)■ G be any finite eoloring of S 2 (N). Let x G {0, 

be any aperiodie word. Then ip induees a finite eoloring ip' : A"*" —)■ G U {*}, where * denotes 
a symbol not in G, defined as follows: For eaeh u E A+, if m ^ Faet(x), then set ip'{u) = *. 
Otherwise, let m{u) be the least natural number m sueh that u = XmXm+i ■ ■ -Xm+iui-i, that is 
m{u) is the first oeeurrenee of u in x. Then we put 


ip'{u) = ip{{m{u), m{u) + |m|}). 


By (1) there exists n > 0 sueh that the suffix x' = x„x„+iX „+2 • ■ ■ of x admits a </9'-sequentially 
monoehromatie faetorization x' = V 0 V 1 V 2 ■ ■ ■ . Put c = ip'iVf). Sinee Vq E Faet(x) we have c E C. 
Also, as X is aperiodie, there exists s > 0 sueh that n = m{VoVi ■ ■ - Vs). Indeed, set x = Ux' with 
\U\ = n. The statement is elear if n = 0. Otherwise, if for eaeh s, m{VoVi ■ ■ ■ Vg) < n, then by 
the pigeonhole prineiple there exists 0 < k < n sueh that k = m(VoVi • • • lA) for infinitely many 
values of s. This implies that x = T^(x) = T”(x), whenee x is purely periodie and henee x is 
ultimately periodie, a eontradietion. 

Similarly, for eaeh r > 1 there exists s >r sueh that m{Vr ■■ - Vs) = n + X]i=o 1^*1- Given any 
inereasing sequenee 0 = no < ni < 77-2 < • • • , put Wk = Vnfi/nf,+i ■ ■ ■ Then elearly the 

faetorization x' = WqWiW 2 ■ ■ ■ is also (/^'-sequentially monoehromatie. Thus we ean assume that 
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x' admits a (^'-sequentially monoehromatie faetorization x' = V 0 V 1 V 2 ■ ■ ■ , sueh that m(Vo) = n 
and m{Vr) = n + X]I=o 1^*1 r > 1. Setting 

r 

J\f = {n < n + \ Vo\ < ■ ■ ■ < n + y^jVil < ■ ■ ■ }, 

1=0 

we have S 2 (A/’) C as required. □ 

Example 1. Let x = 010110111011110 ■ ■ ■. Consider the finite eoloring tp : {0,1}+ —)■ {0,1} 
defined by p){u) = 0 if m is a prefix of a:, and p){u) = 1 otherwise. Following Lemma 3.4], 
sinee 0 is not uniformly reeurrent in x, it follows that x does not admit a prefixal faetorization, 
i.e., X is not a eoneatenation of its prefixes. It follows that x does not admit a (^-monoehromatie 
faetorization. In eontrast, by TheoremfH for every finite eoloring p) : {0,1}+ —)■ C, there exists a 
suffix of X whieh admits a (^-sequentially monoehromatie faetorization. Finally, let cp : {0, !}■*■ —)■ 
{0,1} be defined by p>{u) = 0 if « is a faetor of x, and p>{u) = 1 otherwise. We elaim that no suffix 
of X admits a (p-xxlixa. monoehromatie faetorization. In faet, suppose to the eontrary that some suffix 
x' of X admits a (y 9 -ultra monoehromatie faetorization x' = V 0 V 1 V 2 ■ ■ ■ - By eoneatenating several 
of the Vi together (as in the proof of Theoremfl]), we ean assume that eaeh Vi eontains at least two 
oeeurrenees of 0. Then, VjVi is not a faetor of x whenever i < j. Thus 0 = p>{Vo) 7 ^ p>{VjVi) = 1. 

The following proposition illustrates how in some very speeial eases. Theorem [T] ean be used 
to eonstruet an ultra monoehromatie faetorization: 

Proposition 2. Let C be a finite semigroup and p : A"*" C a morphism. Let x G LV. There 
exists a suffix x' ofx which admits a (p-ultra monochromatic factorization. 

Proof. By Theorem [T] there exists a suffix x' of x whieh admits a (^-sequentially monoehromatie 
faetorization x' = VqVi ■ ■ ■ I 4 • • ■ . Thus there exists c G (7 sueh that for alH > 0, one has 
ipiVi ■ ■ ■ Vi+j) = c, for all > 0. This implies piVoVi) = c = ipiVifipiVi) = (f. Therefore, 
c is an idempotent of the semigroup C. Thus ^{u) = c for any u G {Vi \ i > O}’*'. Whenee the 
faetorization x' = VqVi ■ ■ -Vn ■ ■ ■ is also (/9-ultra monoehromatie. □ 

In view of the preeeding results, it is natural to ask the following question: 

Question 2. Let ip : A+ C be a finite coloring of LV and x G A‘^. Does there exist y G f2(x) 
admitting a p-ultra monochromatic factorization? 

It turns out that in general Question [2] does not admit an affirmative answer. We begin by 
exhibiting a p : A+ —)■ C and x E hV sueh that no y E Ll{x) admits a (/9-ultra monoehromatie 
faetorization. 

Lemma 1. Let r G M’*' and x G {0, 1}‘^ be a r-power free Sturmian word. Then for each infinite 
sequence oj = Vq, Vi, I 2 , • • ■ with Vi G {0, !}■*■ there exist fc > 1, 0 < rii < ^2 < • • • < n^, and a 
permutation (T o/{l, 2,..., k} such that V7^(i)i4^(2)''' ^ Fact{x). 
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Proof. For each oj = Vq, Vi, V 2 ,--- with Vi G {0,1}+, i > 0, set N{uj) = \VoVi • • • K-l- We 
proceed by induction on iV(ci;) to show that for each u = Vo,Vi,V 2 , ■ ■ ■ with Vi G {0,1}+, and 
each r-power free Sturmian word x there exist fc > 1, 0 < ni < ^2 < • • • < and a permutation 
cr of {1, 2,..., k} such that K,(i)K,( 2 ) • • • ^ Fact(a;). 

The base case of the induction is when N{u) = r + 1, i.e., |V"o| = |Vi| = ■ • • = |K-| = 1- 
Let X be a r-power free Sturmian word. For a G {0,1}, put d = 1 — a so that {a, d} = {0,1}. 
Fix a G {0,1} so that dd ^ Fact(x). First suppose that Vi = Vj = a for some 0 < i < j. 
In this case ViVj ^ Fact(x). Thus we can assume that at most one = d. In this case, there 
exist 0 < Til < n 2 <■■■< Tir < r such that V^ = a for each 1 < i < r. It follows that 
Vn^Vn^ ■■■Vn, = a^^ Fact(x). 

For the inductive step, let iV > r + 1, and suppose that for each u = Vq, Vi, • • • with 
Vi G {0, !}■*' and N{uj) < N and for each r-power free Sturmian word x there exist k > 1, 

0 < Til < n 2 <■■■< rik, and a permutation a of {1, 2,, k} such that ' ‘ ‘ ^ 

Fact(x). Now let u = Vq, Vi, V' 2 , • • ■ with Vi G {0,1}+, i > 0 and N{u) = N and let x be a 
r-power free Sturmian word. Without loss of generality we may assume 11 ^ Fact(x) and that x 
begins with 0. Note that if 11 ^ Fact(x) and x begins with 1, we can replace x with Ox which is 

Sturmian and r-power free. We claim that for some k > 1, and 0 < rii < n 2 < • • • < and 

permutation a of {1, 2,..., fc} we have 14^(2) • • • ^ Fact(x). Suppose to the contrary 

that for every A; > 1, 0 < ni < n 2 < • • • < and permutation a of {1,2,..., k} we have 
^ri,(i)K,( 2 ) • • • e Fact(x). Since x is r-power free, we have limsup^^^ |14| = + 00 . 

Suppose first that for some a G (0,1} there exist 0 < f < j such that V* begins with a and 
Vj begins with d. Pick j < m < n such that |14| > r|14i|- Since V^VnVi, VmVnVj, VnVmVi, 
and VnVmVj are each factors of x, it follows that each of KnKi and VnVm is a right special factor 
of X. But since |V4i4| = |KiKn| and x has exactly one right special factor of each length, it 
follows that VmVn = VnVjn, from which one easily derives that Vf is a prefix of I 4 and hence in 
particular V^ G Fact(x), a contradiction. Thus we may suppose that all Vi begin with the same 
letter a G {0,1}. A similar argument shows that all Vi terminate with the same letter b G {0,1}. 
Moreover, as 11 ^ Fact(x), either a orb must equal 0. Since Fact(x) is closed under reversal, short 
of replacing each Vi in u by its reversal, we may suppose that a = 0, i.e., each Vi begins with 0. 
Thus VjO G Fact(x) for each i > 0. 

Now consider the morphism Lq : 0 i-)- 0, and 1 i-G- 01. For each f > 0, define V/ G {0,1}+ 
by Liiiyi) = Vi and put u' = Vq, V{, Vf .... Finally, as x begins with 0, define x' G {0, l}*^ 
by Lo(x') = X. Then, as is well known, x' is a Sturmian word. Moreover, since x is r-power 
free, so is x' and at least one Vi with 0 < i < r — 1 must contain an occurrence of 1. Thus 
N{u') < N{u). For each fc > 1, 0 < ni < n 2 < • • • < rifc and permutation a of (1, 2,..., k}, 
we have ^ Fact(x). Thus ^ Fact(x'), and this is a 

contradiction to our inductive hypothesis. □ 

We mention that very recently Anna Frid has extended the validity of previous lemma to 
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the case of any infinite word of linear factor complexity. 

Proposition 3. Let r G and x G {0,1}'^ be a r-power free Sturmian word. Define p : 
{0, !}■'■ {0,1} by p{u) = 0 ifu is a factor ofx and p{u) = 1 otherwise. Then no y E Vt{x) 

admits a ip-ultra monochromatic factorization. 


Proof. Let y G f2(x) and consider any factorization y = VoViV 2 - ■ ■ . Then since Vq is a factor 
of X, we have that p{Vq) = 0. On the other hand, since y is also Sturmian and r-power free, 
by the previous lemma there exist k > 1,0 < ni < 77-2 < ••• < Uk and a permutation a of 
{1,2,..., k} such that ^ Fact(7/). Hence (piyn^a)^n^( 2 )''' ^ ^om 

which it follows that no 7 / G il{x) admits a 93 -ultra monochromatic factorization. □ 


We next show (cf. Corollary [I]) that if A is finite, then Question |2] admits an affirmative answer 
for almost all a; G A‘^, where “almost all” refers to the Bernoulli measure on A‘^. We begin by 
showing that Question [2] admits a positive answer in case x is periodic. Even this simplest case 
however turns out to be somewhat nontrivial, and in fact is equivalent to the so-called Finite Sums 
Theorem proved by N. Hindman in lllflll . 


Theorem 4. The following statements are equivalent: 

1. For every finite coloring 93 : A"*" C, each periodic word x G LF admits a p-ultra 
monochromatic factorization. 

2. For each finite coloring 93 : C of the positive integers, there exist c E C and an 

infinite sequence (nfc)^o ihatFS{{nk)fLQ) = 1-^ ^ Fin(N)} C 93 “^(c). 

Proof. We note that item (2) is the Finite Sums Theorem by Hindman. We begin by showing 
that (1) (2). Fet 93 : N"*" —?■ (7 be a finite coloring of the positive integers, and let x be the 

periodic word x = , with a G A. Then 93 induces a finite coloring 93 ' : {a}’*' —)■ C given by 

p'{aF) = 93 ( 77 ). By (1) there exists a 93 '-ultra monochromatic factorization x = V 0 V 1 V 2 • ■ ■ . Put 
c = 93 '(Lo). For > 0, set 77 ^ = |14| so that each I 4 = ■ Then for each finite subset F of N, 

we have 

= 93(^|l/i|) = 99(1 = p'(Y\Vi) =c 

ieF i£F i£F i&F 

since HieF ^ and hence is a factor of x. Whence FS(( 77 fc)“o) = {EieF^*!^ ^ 

Fin(M)} C 93 “^ (c). 

To see that ( 2 ) ( 1 ), let 93 : A+ —)■ C, m G A+, and x = . Define 93' : N+ —)■ C by 

p'{n) = 93(77"'). By ( 2 ) there exist cE C and an infinite sequence ( 77 fc)^o FS((77fc)^g) = 

{EiGF’^i |F G Fin(N)} C 93'“^(c). For each k > 0 set 14 = . Then clearly the factorization 

X = VoViV2 - ■ ■ is 93-ultra monochromatic. □ 

As an immediate consequence we obtain: 
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Corollary 1. Let A be a finite set, and let jj, be the Bernoulli measure on A^. Let ip : A"*" C be 
any finite coloring. Then for pt-almost all x G A^ there exists y G f2(a;) which admits a ip-ultra 
monochromatic factorization. 


Proof. As is well known almost all words x E with respect to the measure /i, are of full 
complexity, meaning Fact(a:) = A+ (see, for instance, IH Theorem 10.1.6]). (As an example, 
normal words [Il3l. Chap. 8 ] are of full complexity). Thus for almost all words x G A^^, relatively 
to measure /i, there exists a G A such that aP G il{x). The result now follows from TheoremlH □ 


The above results suggest the following questions: 


Question 3. Let x G A^ be a uniformly recurrent word. Suppose that for each ip : A+ —)• 67, there 
exists y G fl{x) admitting a ip-ultra monochromatic factorization. Then does it follow that x is 
periodic? 


Let ip : A+ —)■ C and x G A^. A factorization x = V 0 V 1 V 2 • ■ ■ with Vi G A+, i > 0, is 
called ip-conditionally monochromatic if 3c G C such that Vfc > 1, for all rii < n 2 < ■ ■ ■ < 
rik and for all permutations a of {1, 2,..., k] we have either 14^(2^ • • • 14^^^^ ^ Fact(a;) or 

Thus a 93-ultra monochromatic factorization of a word a; G A*^ is a 93-conditionally monochro¬ 
matic factorization, but not vice versa. For instance, consider x = 010110111011110 • • ■. We saw 
in ExamplefUthat relative to the coloring ip : {0,1}'*' —>■ {0,1} defined by ip{u) = 0 if m is a factor 
of X, and 93 (m) = 1 otherwise, no suffix of x admits a 93-ultra monochromatic factorization. On 
the other hand given any coloring 93 of {0,1}’*', by Theorem [T] there exists a suffix x' admitting a 
93-sequentially monochromatic factorization x = V 0 V 1 V 2 ■ ■ ■. By concatenating several of the Vi 
together (as in the proof of Theorem [T]), we can assume that each Vi contains at least two occur¬ 
rences of 0. The resulting 93-sequentially monochromatic factorization is then also 93-conditionally 
monochromatic since the only concatenation of blocks which yields a factor of x are consecutive 
concatenations. 


Question 4. Let ip : A+ -E- C be a finite coloring o/A+ and x E A^ . Does there exist y E LL{x) 
admitting a ip-conditionally monochromatic factorization? 

We have not a single example of an aperiodic uniformly recurrent word in which we can give 
an answer (positive or negative) to the above question. 


3. Shift invariant monochromatic factorizations 

Let 93 : A+ —)■ 67 be a finite coloring of A+, x G A^, and fc be a positive integer. A 93 - 
monochromatic (resp., 93 -sequentially monochromatic, 93 -ultra monochromatic) factorization x = 
V 0 V 1 V 2 ■■■ is said to be k-shift invariant if for each l<J<k the induced factorization T^ (x) = 
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WolViW 2 --- with \Wi\ = \Vi\, i > 0, is (^-monochromatic (resp., (^-sequentially monoehro- 
matie, (^-ultra monoehromatie). A (^-monoehromatie (resp., (^-sequentially monoehromatie, (^- 
ultra monoehromatie) faetorization x = V0V1V2 • • ■ is ealled shift invariant if for eaeh positive 
integer j, the indueed faetorization T^{x) = W 0 W 1 W 2 ■ ■ ■ with \ Wi\ = |14| is (yj-monoehromatie 
(resp., (y9-sequentially monoehromatie, (y9-ultra monoehromatie). 


We begin with the following simple variation of the infinite Ramsey theorem, whose proof is 
omitted as it is a simple iterated applieation of the usual version of Ramsey’s theorem. 

Proposition 5. Let ip : S 2 (N) C be a finite coloring and k a nonnegative integer. There exists 
an infinite set fif and a sequence (cj)jLg such that for each D < i < kwe have Ci & C and 

'L2{N' + i) c ip~^{ci). 


As an immediate eonsequenee we deduee that 

Corollary 2. Let ip : A+ C, x & A‘^, and k > 1. Then there exists a suffix x' of x which admits 
a k-shift invariant p-sequentially monochromatic factorization. 

Proof. As in the proof of Theorem [H we apply the above variation of Ramsey’s theorem to the 
eoloring p’ : S 2 (N) ^ C given by p'{{m < n}) = p{xmXm+i ■ ■ ■ Xn-i). □ 

Proposition 6. A word x E A‘^ is ultimately periodic if and only if for every finite coloring p : 
A+ —)■ C there exists a suffix of x which admits a shift invariant p-monochromatic factorization. 

Proof. Clearly, if x is ultimately periodie, and henee of the form x = uv^ for some u,v G A* with 
V f e, then for any p : A+ —)■ C, the faetorization v ■ v ■ v ■ ■ ■ ■ of the suffix v‘^ is shift invariant 
(y9-monoehromatie. Conversely, suppose x is aperiodie. Choose a reeurrent word y G kl{x). Thus 
eaeh prefix of y oeeurs infinitely often in x. Let p : A+ {0,1} be given by p{u) = 0 if m is 
a prefix of y and p{u) = 1 otherwise. Let x' be any suffix of x. We elaim that x' does not admit 
a shift invariant (^-monoehromatie faetorization. In faet, suppose to the eontrary that x' admits 
a shift invariant (^-monoehromatie faetorization x' = V 0 V 1 V 2 • ■ ■ . Sinee y is reeurrent and eaeh 
prefix of y oeeurs infinitely often in x, there exist 0 < i < j sueh that if we eonsider the shifted 
faetorizations T*(a;') = W 0 W 1 W 2 ■ ■ ■ and T^'(x') = WfW[W!^--- , where |ILi| = |W^'| = IC^I for 
eaeh z > 0, both Wq and Wq are prefixes of y. It follows that Wi and Wl are prefixes of y for eaeh 
z > 0. But sinee they are of equal length, we have Wi = Wl for eaeh z > 0. Thus T'fx') = T-^ (x') 
whieh implies that x is ultimately periodie, a eontradietion. □ 


We reeall that a subset A of M'*' is ealled an IP set if A eontains FS((zZj)^^) for some infinite 
sequenee In terms of IP sets, Hindman’s theorem states that any finite eoloring of N’*' eon- 

tains a monoehromatie IP set. By using the so-ealled Finite Unions Theorem, whieh is equivalent 
to Hindman’s Finite Sums Theorem (ef. 10, 12]), one ean show that IP sets in N"*" are partition 
regular, i.e., if A is an IP set and A = , Aj, then there exists 1 < z < fc sueh that A, is an IP 

>^ 1=1 I—I 

set. We reeall also the following well-known theorem of Milliken-Taylor [1121.11611: 
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Theorem 7. Let k be a positive integer and p : —)■ C a finite coloring. Then there exist 

c E C and an infinite sequence such that 

ieFi ieF2 ieFfc 

for each Fi < F 2 < ■ ■ ■ < Fk with Fi G 1 <i <k. 

The next theorem shows that for each finite coloring (p : A+ —)■ C, and each periodic word 
X E there exists a shift invariant ^p-ultra monochromatic factorization of x. We present two 
proofs, one uses the fact that IP sets are partition regular and the other uses the Milliken-Taylor 
Theorem. 


Theorem 8. For each finite coloring p : A+ —)■ C, each periodic word x E admits a shift 
invariant p-ultra monochromatic factorization. 

Proof. {Firstproof) Let p : A+ —)■ C be given. Let u = U 1 U 2 ■ ■ - Uk E A+, G A, 1 = 1,..., /c 
and X = . Consider the coloring pi : N’*' —)■ C defined by pi{n) = p{vT). Then by Hindman’s 

theorem there exists an infinite sequence (nf and Ci G C such that FS((nf ^ 99 /( 01 ). 
This implies that the factorization 


is (^-ultra monochromatic. Next consider the coloring p 2 : —)■ C defined by p 2 {n) = 

p{{u 2 ■ ■ ■ UkUiY). By partition regularity of IP sets it follows that there exists an infinite sequence 
(nf and C 2 E C such that FS((nf C p~^{c 2 ). It follows that the factorizations 


X = U ^ 






and 

T{x) = {U2 ■ ■■UkUiY^^\u2 ■ ■■UkUiY^^\u2 ■ • • ^ • 

are both 99-ultra monochromatic. Continuing in this way up to stage k, we can find an infinite 
sequence such that for each 0 < f < /c — 1 the factorization 

(fc) (k) (k) 

T{x) = {Ui+I- ■-UkUi-■{Ui+i ■ ■ ■ UkUi ■ ■ ■ {Ui+i ■ ■ ■ UkUi ■ ■ ■ 

is 99-ultra monochromatic. Since T^{x) = x the result now follows. 

(Secondproof) As before let 99 : A+ —)■ C be given, u = U1U2 ■ ■ - Uk E A+, Wj G A, f = 1 ,..., /c, 
and X = . Then 99 induces a finite coloring 

^ : Sfc(M+) ^ 
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defined by 


< ^2 < • • • < rik}) = {lp{{uiU 2 ■ ■ ■ UkT^), (^((m 2 M 3 • • • UkUiY^), . . . , ^{{UkUi ■ ■ ■ Uk-lTY- 
By Theorem |7] there exist c = (ci, C 2 ,..., Ck) G and {ni)Yi sueh that 

i&Fi i£F2 i&Fk 

for eaeh Fi < F 2 < ■ ■ ■ < Fk with Fi G Fin(N+), 1 < i < k. 

Fix 1 < j < A: and F G Fin({A:, fc + 1, /c + 2,...}). We elaim that 

ip{{Uj ■ --UkUi ■ • = Cj. 

This is a eonsequence of (*) by taking Fi = {i} for 1 < i < j, Fj = F, and Fj^i = {M + 1 } for 
I < i < k — j where M = max(F). It follows that the faetorization x = u'^kynk+iyrik+ 2 ... is 
shift invariant (^-ultra monoehromatie. □ 

Acknowledgments: We are indebted to Neil Hindman for his suggestions and we thank the two 
anonymous reviewers for their useful eomments. 
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